Introduction
Typical task-driven problems, also known as motion synthesis problems, seek to synthesize the mechanisms that guide a rigid body to navigate through, or as close as possible to a prescribed motion, which is usually specified as either a set of finite or a continuous time variant sequence of displacements. The problem that we solve here is as follows: Given a prescribed planar rational motion, what are the dimensions of the links of a planar 6R closed chain that accomplishes the given task?
Theory of mechanism synthesis is well-developed ͑see Refs. ͓1-3͔͒, and there have been a lot of academic research efforts in the development of software systems for the synthesis of planar, spherical, and spatial mechanisms ͑see KINSYN III Su et al. ͓14͔͒ . In the commercial domain, SYMECH ͓15͔ and WATT ͓16͔ are two wellknown software systems for planar mechanism design. Despite the availability of design packages, their implementation and interface for design of rigid body linkages mostly utilize a blackbox-like approach, which involves inputting the desired motion, hiding the design theories and algorithms, and outputting a mechanism, which makes the design procedures less intuitive. In this work, we have attempted to give rise to an intuitive design environment wherein the designer is not only able to synthesize a mechanism interactively by simple geometric manipulations in a higher dimensional space, but also learns to understand the relationship between the modifiable geometry and its apparent effect on the dimensions of the links.
In this paper, we use planar quaternions to represent displacements; see Refs. ͓17,18͔ for details on quaternion representation. Using the well-known kinematic mapping approach ͓19,20͔, the given rational motion is transformed into a rational curve in the space of quaternions ͑also known as the image space of displacements͒. For details on rational motions, see Refs. ͓21-27͔.
The general approach of the work presented in this paper is closely related to the kinematic mapping approach for dimensional synthesis of planar and spherical mechanisms pioneered by Ravani and Roth ͓19,20͔. However, the kinematic mapping was originally introduced by Blaschke ͓28͔ and Grünwald ͓29͔ independently. Ravani and Roth's approach involved minimizing the distance error between the given displacements and the image curve of the chain. Their work was followed by Bodduluri and McCarthy ͓30͔, Bodduluri ͓31͔, and Larochelle ͓32͔. Burmester ͓33͔ showed that a four-bar linkage can interpolate at most five given displacements exactly. For more than five displacements, usually approximation is required. This resulted in approximate motion synthesis. Hayes et al. ͓34͔ used kinematic mapping for preliminary development of an algorithm for the approximate synthesis of planar four-bar mechanisms for rigid body guidance. Brunnthaler et al. ͓35͔ used kinematic mapping to solve the prob-lem of designing a spherical four-bar mechanism that interpolates a coupler through five given orientations. Venkataramanujam and Larochelle ͓36͔ used a parametrized constraint manifold and employed nonlinear optimization to give numerical methods for approximate motion synthesis of spherical open and closed chains. Here, we are employing the kinematic mapping for designing planar 6R closed chains that do not have a restriction on the number of interpolating displacements. This is feasible since the planar 6R closed chains have three degrees of freedom, and thus admit an infinite number of solutions.
This paper seeks to study the dimensional synthesis problem from the perspective of constrained motion interpolation. Jin and Ge ͓37,38͔ and Purwar et al. ͓39-41͔ studied the problem of motion interpolation under kinematic constraints for planar and spherical 2R, 3R open, and 6R closed chains as well as spatial SS chains. By using quaternions and kinematic mapping approach they transformed the problem of constrained motion interpolation into designing a rational curve constrained to fit the constraint manifold of the chain. Starting with an initial unconstrained curve, they modify the curve using an iterative numerical method until it fits inside the constraint manifold. The current paper investigates the inverse problem, that is, to change the constraint manifold while keeping the given rational curve fixed for the dimensional synthesis of planar 6R closed chains.
Our design method treats the 6R closed chains as mechanisms assembled using two open chains connected together at the ends. Each open chain imposes kinematic constraints that limit the positions and orientations of the object connected to the end link. In this paper, we use the algebraic form of the constraint manifold ͓18,42͔ for the planar 6R closed chains. Thus, the kinematic constraints are transformed into geometric constraints, and the given rational motion is transformed into a rational curve in the image space. This way, our problem reduces to finding the constraint manifold that accommodates the given rational curve. Algebraically, the kinematic constraints are derived in the inequality form, where the limits of the inequalities are functions of link lengths, while the constraint functions themselves incorporate parameters that describe the location of fixed and moving pivots and the location and orientation of the moving frame. However, instead of dealing with the mechanism parameters directly, we formulate our approach in terms of the geometric parameters of the constraint manifold. This, and the decoupled nature of the relationship between various geometric parameters and the mechanism parameters, lends intuitiveness to our approach. We provide a design tool with a user-friendly interface ͑see Figs. 1 and 2͒, using which the designer can interactively change parameters that govern the size, orientation, and the position of the constraint manifold in the 4D image space ͑we visualize the 4D space by projecting on a hyperplane͒ such that the manifold contains the input image curve. This tool also provides a way to change the image curve in case the design requirements can be relaxed. In the end, we design two open chains that simultaneously satisfy the kinematic constraints and the motion requirements. A visual interpretation of this approach is that we try to find a close fit constraint manifold that will contain the given image curve entirely. The process of designing is fast, intuitive, and especially useful when a numerical optimization based approach would be computationally demanding and mathematically difficult to formulate. We do not attempt to find an optimal solution, but a good solution that satisfies the input motion requirements. Our simple approach also provides a basis for students and early designers to learn and understand the designing of mechanisms by simple geometric manipulations.
The organization of the paper is as follows. Section 2 reviews the concept of quaternions for planar displacements and the rational B-spline motions. Section 3 reviews the kinematic constraints of planar 6R closed chains using quaternions. Section 4 presents a method for the interactive dimensional synthesis of planar 6R closed chains, and establishes relationships between mechanism parameters and the manifold size, orientation, and position. Finally, we present an example and visualizations that demonstrate the method before giving concluding remarks. 
Planar Quaternion and Rational Motion
In this section, we review the concept of planar quaternions and the free-form rational motion insofar as necessary for the development of the current paper.
Planar Quaternion.
A planar displacement can be represented by a planar quaternion ͑see Refs. ͓17,18͔͒. Planar quaternions have been used for designing planar open and closed chains ͓19,43-45͔. Quaternions ͓46,47,17͔ are known to have solved the problem of representation of rigid body displacements effectively. They are compact, computationally and storagewise most efficient ͓48͔, coordinate frame independent, and unambiguous up to a sign. They also carry a clear geometric meaning, produce singularity free transformations, and concatenate and interpolate nicely.
For a planar displacement shown in Fig. 3 , let d 1 , d 2 denote the coordinates of the origin of the moving frame M in the fixed frame F, and ␣ denote the rotation angle of M relative to F. Then a planar displacement can be represented by a planar quaternion Z = Z 1 i + Z 2 j + Z 3 k + Z 4 , where ͑i , j , k ,1͒ forms the quaternion basis and is the dual unit with the property 2 = 0. The components of the planar quaternion Z = ͑Z 1 , Z 2 , Z 3 , Z 4 ͒ are given by
These four components can be identified as coordinates of a point in a four dimensional space. In view of Eq. ͑1͒, the coordinates must satisfy the equation
The above equation may be interpreted as defining a hypercircular cylinder in a 4D space. The components of a planar quaternion are related to the homogeneous transform of a planar displacement by 
Note that when Z i ͑i =1,2,3,4͒ is replaced with wZ i , where w is a nonzero scalar, the matrix ͓A͔ is unchanged. From this perspective, the four components of a planar quaternion can also be considered as a set of homogeneous coordinates for a planar displacement. Ravani and Roth ͓20͔ considered the components of Z as defining a point in a projective three-space, called the image space of planar displacements, while the point Z is called the image point of a planar displacement.
Unconstrained Planar B-Spline
Motion. This section reviews the idea of synthesis of unconstrained ͑also known as freeform͒ planar rational motion. For the purpose of this paper, if the input motion is specified in terms of the given coupler displacements, a rational motion that interpolates the given displacements can be constructed using the method outlined in this section.
Since a planar quaternion Z can be seen as a point in the image space, a polynomial curve in the image space corresponds to a rational motion in the Cartesian space. Rational motions are defined as the ratio of polynomial functions of time. By applying computer aided geometric design ͑CAGD͒ techniques for designing curves in the image space, we obtain rational motions in the Cartesian space. The rationale behind the choice of rational motions stems from the fact that the trajectories of an object undergoing rational motions are rational curves and surfaces, thereby making them convenient for integration into existing nonuniform rational B-spline ͑NURBS͒ based computer aided design/ computer aided manufacturing ͑CAD/CAM͒ system. Let Z i , i =0, . . . ,n be given planar quaternions representing displacements, then the following represents a B-spline image curve in the space of planar quaternions:
where N i,p ͑u͒ are pth-degree basis functions. See Refs. ͓49-51͔ for details on the B-spline curves.
A representation for the rational B-spline motion in the Cartesian space can be obtained by substituting the coordinates of Z͑u͒ into the matrix ͓A͔ ͑Eq. ͑3͒͒, where each element of the matrix is now obtained as a rational function in parameter u.
Constraint Manifold for Planar Chains
In this section, we review the constraint manifold associated with the kinematic constraints of planar 6R closed chains ͑see Refs. ͓18,42͔ for details͒. The kinematic constraints specify the positions and orientations obtainable by a certain link of the chain. Consider a planar 6R closed chain as shown in Fig. 4 . In the figure, F and M mark the fixed and the moving frames, respectively. The fixed pivots A 1 and A 2 are located at ͑x 1 , y 1 ͒ and ͑x 2 , y 2 ͒, respectively, while the moving frame is located at a distance of h 1 and h 2 from the two end pivots C 1 and C 2 , respectively. The moving frame is assumed to be tilted by angles of ␣ 1 from the line joining the end pivot C 1 and the origin of the moving frame, and ␣ 2 from the line joining the end pivot C 2 and the origin of the moving frame. The length of the links is given by a 1 , 
where
For the right 3R open chain,
Equations ͑5͒ and ͑8͒ characterize the kinematic constraints of a planar 6R closed chain, and define the constraint manifold for the chain.
To visualize the hypergeometric shape described by Eq. ͑5͒ or Eq. ͑8͒, we project it on the hyperplane Z 4 = 1. Denote ͑z 1 , z 2 , z 3 ,1͒ as the projected point of ͑Z 1 , Z 2 , Z 3 , Z 4 ͒, both of which represent the same planar displacement. Then, F 1 ͑Z 1 , Z 2 , Z 3 , Z 4 ͒ on Z 4 = 1 is given by
The volume described by Eq. ͑11͒ along with the limits of its inequalities creates implicit surfaces of ͑z 1 , z 2 , z 3 ͒. Setting F 1 ͑z 1 , z 2 , z 3 ,1͒ = c, where c is a constant, and lies in the range ͓͑a 1 − b 1 ͒ 2 / 4,͑a 1 + b 1 ͒ 2 / 4͔, we reorganize Eq. ͑5͒ to obtain Transactions of the ASME
This is a sheared circular hyperboloid in the space parametrized by ͑z 1 , z 2 , z 3 ͒; see Fig. 5 . This hyperboloid has its center at ͑ 1 , 2 ,0͒, and the central axis is given by ͑z 1 − 1 ͒ / 1 = ͑z 2 − 2 ͒ / 2 = z 3 / 1. Thus, the hyperboloid orients along the vector ͑ 1 , 2 ,1͒. It is evident that the center and the orientation are dependent on the location of the fixed pivot, the dimensions of the floating link, and the relative orientation of M from the floating link. The hyperboloid intersects plane z 3 = 0 in a circle, which has a radius r equal to ͱ c. Thus, c determines the size of the hyperboloid. When the value of F 1 ͑z 1 , z 2 , z 3 ,1͒ varies from its minimum to maximum, the size of the manifold increases correspondingly, but the center point and the orientation remain unchanged. Table 1 summarizes the relationship between geometric features of the hyperboloid and the mechanism parameters. A similar set of relationship exists for the other 3R open chain. Thus, the constraint manifold of the planar 6R closed chains is given by two pairs of concentric and co-oriented sheared hyperboloid, and for a mechanism to pass through a given motion, the image curve would have to be contained within the constraint manifold.
Interactive Dimensional Synthesis
Our design method treats a 6R closed chain as a mechanism assembled using two independent open chains. The constraint manifolds of both the chains are geometric objects in the image space; the size, shape, and position of which are a function of mechanism parameters. A given rational motion maps to an image curve that needs to be contained inside these manifolds. In this section, we describe the procedure for designing planar mechanisms using our tool. We also describe the user interface with which the designer needs to be familiar. The basic idea is that the designers are provided a set of controls via the graphical user interface ͑GUI͒ of the tool that will allow them to interactively manipulate the constraint manifold with the objective to contain the image curve in the manifold. Upon being satisfied visually, the designer will be allowed to instruct the program to check if there are any violations of the kinematic constraints. A windows binary of the tool for x86 architecture can be downloaded. 1 We first present the functionalities of the user interface. (ISW) . In this window, the constraint manifold, as well as the image curve projected on the hyperplane Z 4 = 1, is shown. 3. Motion Design Panel (MoDP) . This panel supports operations such as position insertion, deletion, and modification, and comprises functions to animate the motion and to test for constraint violation. The constraint violation test is done using Eqs. ͑5͒ and ͑8͒, and the test results are visualized through the user interface. This operation updates both the CSW and the ISW. 4. Mechanism Design Panel (MeDP) . There are two ways to edit the mechanism: ͑1͒ directly manipulate mechanism parameters in the Cartesian space, like the location, the link lengths, and the relative angle, and as a consequence, constraint manifolds change in the image space, or ͑2͒ edit the geometric parameters that change the size, position, and the orientation of the manifolds. Designers may find the latter approach more intuitive. For either approach, there are six design variables. Equations ͑5͒-͑10͒ and Table 1 together describe the relationship between mechanism parameters and constraint manifold parameters. We summarize the relationships for one open chain as follows: 
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Procedure. Now, we present the design procedure.
1. Use the motion design panel to input given positions, associated time parameters, and interpolate them using a NURBS motion. The given planar positions can be input with the time parameter t, using either planar quaternion coordinates ͑Z 1 , Z 2 , Z 3 , Z 4 ͒ or Cartesian coordinates ͑x , y , ͒. Once all the given positions are input, a cubic C 2 B-spline motion ͑Eq. ͑4͒͒ that interpolates the given positions is generated. Here, the time parameters are input to guarantee the smoothness of the motion. Consequently, the ISW shows the image points of the prescribed positions, and renders a smooth NURBS curve, which passes through all the image points; while the CSW shows the given positions and the rational motion. In the CSW, initially, the fixed pivots are located at ͑x 1 , y 1 ͒ = ͑0,0͒; the three links have unit length a 1 = b 1 = h 1 = 1, and the relative angle of M to the floating link is ␣ 1 = 0. With these initial choices and according to Eq. ͑7͒ and Table 1 , the default hyperboloid pair is centered at ͑0.5, 0, 0͒, its direction is parallel to vector ͑0, 0.5, 1͒, and the inner boundary circle is of radius r min = 0, while the outer one has a radius r max = 1. Thus, in the ISW, a degenerate inner hyperboloid and a finite sized outer hyperboloid appear. At this point, the image curve may not be completely contained between the two hyperboloids, which means that the constraints are being violated. We note that, in general, initial parameters are difficult to select for body guidance problem solved using optimization approach; however, in our case, this is not an issue because our approach relies on the interactive geometric manipulation of the constraint manifold. Changing the geometric parameters appropriately grows the inner hyperboloid, while shrinks the outer one. This approach provides the designer visual clues for the next step of parametric changes. 3. Modify the constraint manifold visually using the spinner controls ͑up and down arrows next to parameters͒ provided in the MeDP until the curve seems completely contained with a close fit between the pair of hyperboloids. Dragging the slider in either ISW or CSW verifies if the constraints are actually satisfied or not. Using the current value of the mechanism parameters, the program automatically checks the constraint equations as given by Eqs. ͑5͒ and ͑8͒ to see if they are satisfied. When they are satisfied, the program outputs links' length, fixed and moving pivot locations, and the orientation of the moving frame. 4. Repeat steps 2-4 and synthesize the other open chain.
Example
In this section, we present an example that demonstrates how our method interactively completes the dimensional synthesis of a planar 6R closed chain using the constraint manifold modification for a given degree 6 rational motion.
In this example, we use five positions as given in Table 2 and shown in the Cartesian space window in Fig. 1 . The positions are given in Cartesian coordinates ͑x , y , ͒, which specify the location and the orientation of the moving frame M relative to the fixed frame. Also given are the time parameter values ͑u i ͒ associated with each position. We note that time parameters are not required for rigid body guidance problem; we specify them here merely to construct an input B-spline motion. Our method of designing linkage is independent of time parameter values associated with the given positions.
First, the given positions are converted to planar quaternion representation ͑Z 1 , Z 2 , Z 3 , Z 4 ͒ using Eq. ͑1͒, and then they are interpolated using a cubic B-spline formulation ͑Eq. ͑4͒͒. This gives a degree 6 B-spline rational motion in the Cartesian space. The corresponding image curve is shown in the image space window of Fig. 1 . The image curve is visualized using Rodrigues param- Tables 3  and 4 list the design results, and the final mechanism is shown in Fig. 10 .
Concluding Remarks
In this paper, we presented a simple and intuitive approach to dimensional synthesis of planar 6R closed chains. The approach is based on interactive manipulation of constraint manifold associated with the mechanisms in a 3D environment. The approach is general, and can be extended to other spherical and spatial mechanisms for which constraint manifold are characterized by algebraic equations. 
